Abstract. We study the spectrum of the operator D * D, where the operator D, introduced in [6] , is a forward derivative on the p-adic tree, a weighted rooted tree associated to Z p via Michon's correspondence. We show that the spectrum is closely related to the roots of a certain q−hypergeometric function and discuss the analytic continuation of the zeta function associated with D
Introduction
This note builds on our previous paper [6] which described a new spectral triple (A, H, D) for the C * -algebra of continuous functions on the space of p-adic integers Z p . The construction of this spectral triple utilized a coarse-grained approximation of the space Z p and was partially motivated by recent work [3] on spectral triples for more general Cantor sets. Our considerations closely resembled standard examples of geometric spectral triples that use the usual differentiation for the definition of the operator D.
The geometric coarse-grained approximation of Z p , which we called the p-adic tree, is a weighted rooted tree {V, E} associated to Z p via Michon's correspondence [3] . The set of vertices V of the p-adic tree consist of balls in Z p , with Z p itself being the root of the tree. There is an edge between two vertices v and v ′ if v ′ ⊂ v and v ′ has the biggest diameter smaller than the diameter of v. Now consider the Hilbert space H consisting of weighted ℓ 2 functions living on the vertices of the p-adic tree:
Here the discrete-valued weight function w : V → R ≥0 is defined by: w(v) = the volume of the ball v with respect to the additive Haar measure d p x. For the space of p-adic integers Z p , the volume of a ball is equal to its diameter. It is useful to view H as the subspace of L 2 (Z p , d p x) consisting of locally constant functions on Z p . Then we introduced an unbounded operator D on H defined on its maximal domain {f ∈ H : Df ∈ H} by on Z p . This forward tree derivative was then used to construct the Dirac type operator D, necessary for the spectral triple. It was verified in [6] that the operator D is invertible with compact inverse, implying that D * D has compact resolvent. Consequently, the spectrum of D * D is discrete with only possible accumulation point at infinity.
In this paper our main interest is to find the spectrum of the operator D * D. By reparametrizing the vertices of the p-adic tree using the set of parameters V ∼ = G p × Z ≥0 , where G p = Q p /Z p is the Prüfer p-group, we can decompose H into invariant subspaces: q ; q, λ with q = p −2 . In [1] the authors give analytic bounds for these roots and discuss their asymptotic behavior. Therefore, we have a good understanding of the spectrum of D * D. In particular, using the results of [1] , we were able to obtain several results on analytic structure and analytic continuation of the zeta function of D * D. Part of the motivation for studying the spectrum of D * D is that it may have some relevance for developing the structure of p-adic quantum mechanics. The operator D * D, a natural analog of the laplacian, can be taken as an alternative starting point for the theory of p-adic Schrödinger operators, see [7] .
The content of this paper is organized as follows. In section 2 we give a brief introduction to p-adic harmonic analysis and then describe the p-adic tree associated to the ring Z p . In the next section we analyze the forward derivative D on the p-adic tree and its adjoint D * in H. We also describe the re-parametrization of the p-adic tree that leads to a decomposition of the operator D * D into a direct sum of simpler operators D * g D g . Section 4 discusses the calculation of the spectrum of D * 0 D 0 along with an "elliptic regularity" theorem that shows that the corresponding eigenfunctions are of a special form. In the last section we discuss some spectral properties of the operator D * D and the analytic continuation of the zeta function associated to it.
Definitions and Notation

2.1.
Fourier Analysis in Z p . We start this section by briefly recalling some of the basic results and notation we introduced in [6] regarding harmonic analysis in the space Z p . For further reference and more details on this subject we refer to [5] , [6] and [7] .
The characters on Q p , the set of all p-adic numbers, are given by maps χ a : Q p → C defined by χ a (x) = e 2πi{ax} where a ∈ Q p , and {ax} in the exponent is the fractional part of the p-adic number ax. Two characters χ a (x) and χ b (x) are equal on Z p if and only if a − b ∈ Z p . Consequently we see that the dual groups of Q p and
The dual group of Z p , called the Prüfer group G p , can also be identified with a group of roots of unity given by
We let E(Z p ) be the space of locally constant functions (test functions), i.e. the set of functions φ : Z p → C such that for every x ∈ Z p there is a neighborhood U x of x on which φ is constant. The space of linear functionals on E(Z p ) (distributions on Z p ) equipped with the weak * -topology is denoted by E * (Z p ). If d p x denotes the Haar measure on (Z p , +) normalized so that Zp d p x = 1, then we define the Fourier transform of a test function φ ∈ E(Z p ) as the function φ on Z p given by
For a locally constant function, only a finite number of Fourier coefficients will be nonzero. Thus, the Fourier transform gives an isomorphism between E(Z p ) and E( Z p ), where the latter in our case is the space of all those functions on Z p that are zero almost everywhere. The inverse Fourier transform is given by
For a distribution T ∈ E * (Z p ) the Fourier transform is the function T on Z p defined by T ([a]) = T (χ a (x)). Once again, the distributional Fourier transform gives an isomorphism between E * (Z p ) and E * ( Z p ). The inverse Fourier transform of a distribution is given by
2.2. The p-adic tree. We recall the construction of the weighted rooted tree {V, E} associated to the Cantor metric space (Z p , ρ p ), the space of p-adic integers equipped with the usual p-adic metric ρ p , via Michon's correspondence [3] , [6] . The symbols V and E above are used to denote the set of vertices and the edges of the tree, and we call this tree the p-adic tree. The vertices of the p-adic tree are the balls in Z p . Since Z p is a totally disconnected space, the range of ρ p is countable and consists of numbers of the form p −n , n ∈ Z and zero. Therefore, if we let V n be the set of balls of diameter p −n then the set of vertices V has the natural decomposition V = ∞ n=0 V n . The set of edges E has the decomposition
The compactness of the space Z p implies that the number of balls of diameter p −n (hence the number of vertices) for fixed n, and the degree of each vertex are finite. Now we observe the following fact: Proposition 2.1. Every ball of radius p −n contains a unique integer k such that 0 ≤ k < p n .
A proof of this proposition can be found in [6] . From this observation we see that there is a one-to-one correspondence between the set of integers 0 ≤ k < p n and the set V n of balls of diameter p −n . Therefore, the set of vertices has the natural parametrization:
Two vertices (n, k) and (n + 1, k ′ ) are connected by an edge if and only if k ′ − k is divisible by p n . Thus, a given vertex (n, k) will be connected (via edges) to exactly p vertices in V n+1 . Also, we introduce a weight function w : V → R + by w(v) = volume (v) with respect to the
3. The Operator D
3.1.
A Forward Derivative on the p-adic tree. Due to the decomposition V = ∞ n=0 V n of the set of vertices, any complex valued function f on V can be written as a sequence {f n } of complex valued functions on V n . Let E * (V ) denote the space of all complex valued functions living on the vertices of the p-adic tree. By the discussion in the previous section we can identify each
n Z with the finite additive group Z/p n Z. Consequently, we can introduce the Fourier transform of a function f ∈ E * (V ) to be the discrete Fourier transform on each V n given by
Because the characters of Z/p n Z satisfy the orthogonality condition:
we obtain the following Fourier inversion formula:
We also remark that the p-adic tree can be thought to be self dual, V ∼ = V , due to the fact that each Z/p n Z (hence V n ) is self dual. Thus, the Fourier transform on the p-adic tree is an isomorphism between the space E * (V ) of functions on the vertices of the p-adic tree and the space E * ( V ) of functions on the vertices of the dual tree. Additionally, via the Parseval's identity, the Fourier transform gives an isomorphism between the Hilbert space H = ℓ 2 (V, w), of (1.1), and H := ℓ 2 ( V ), where the latter Hilbert space has no weight in the inner product.
Notice that the decomposition V = ∞ n=0 V n induces a Hilbert space decomposition H = ∞ n=0 ℓ 2 (V n , p −n ). Using the parametrization (2.2) introduced in the previous section, we can write the action of the operator D of the formula (1.2) on the components f n of f as:
We note here that the choice of the domain for D, as well as all other unbounded operators below, is the maximal domain, i.e {f ∈ H : Df ∈ H}.
Using the Fourier transform of f n and orthogonality of the characters (3.1) we write the following equivalent formula for D:
Hence, in Fourier transform, the operator D becomes D given by:
which is an unbounded operator on H. Notice that D and D are unitarily equivalent, but it is easier to work with the latter. The adjoint D * of D is given by
Later we will need the following formula for the adjoint D * of D:
It was verified in [6] that D and D * are invertible with compact inverses.
Invariant Subspaces of H.
The key observation that allows us to find the spectrum of D * D is that we can decompose the Hilbert space H into invariant subspaces by means of a different parametrization of the p-adic tree.
The original parametrization (2.2) of the set of vertices of p-adic tree was done by using the set
Given a pair (n, k) in S notice that we can write k = rp l with p ∤ r and l ∈ {0, 1, . . . n − 1}, by factoring out the highest power of p that divides k. Such a representation of k will be uniquely determined by r and l. If we associate n with In fact, the set of numbers g = r p m : 0 ≤ r < p m , p ∤ r is isomorphic to the Prüfer group
Consequently we obtain the following new decomposition of the Hilbert space H:
We will now look at the operators D and D * in the new coordinates. Using formula (3.
If we assume that f r p m , −1 = 0 for any r, m then we can rewrite the formula for D * as: 
). It will be more convenient to switch to subscript notation and write:
The adjoint of D 0 is given by
From formula (3.6) we see that if g = r p m then Using formulas (3.8) and (3.9) we obtain the following system of equations for
We remark at this point that we could equivalently study the spectrum of D 0 D * 0 ; however the equations for the latter operator are not any simpler than the formulas for D * 0 D 0 . Obviously, with the absence of kernels, the eigenvalue equations for both operators yield the same eigenvalues.
The problem is now to solve the following eigenvalue equations for D * 0 D 0 : (1) The sequence {f n (λ)} ∞ n=0 belongs to ℓ 1 (Z ≥0 ). (2) The eigenvector f n (λ) can be uniquely expressed in the form
where the coefficients c(2k) decay exponentially in k. 
3) (4) If the remainder r n (2N) is defined by the formula:
Proof. The main idea of the proof is to rewrite the equations (4.1) in an integral equation form and then use it iteratively to produce the solution. To this end we regroup the terms in the first equation of system (4.1) above to obtain:
Using the notation ∆f n := f n+1 − f n , we can then rewrite the system of equations (4.1) as follows.
∆f n = p −2 ∆f n−1 − λp 2−2n f n for n ≥ 1
Iteratively, with the help of equations (4.4), we obtain the following formula for ∆f n :
Equation (4.5) is a one-step linear difference equation, so it has one-parameter family of solutions. However, since we are looking for the solution in the Hilbert space we need to choose one that vanishes at infinity. This leads to the following formula for f n :
Interchanging the summation indices of the above formula we obtain:
Thus we can estimate:
By interchanging the summation indices in the first sum above and evaluating the sum over n we obtain:
Using Cauchy-Schwartz inequality and the fact that f ∈ ℓ 2 (N) we conclude that this sum is bounded:
Notice that for the second sum we have:
Once again using Cauchy-Schwartz inequality we see that the second sum is finite:
This verifies that {f n } ∈ ℓ 1 (N).
To prove the second part of Theorem 4.1, we observe that equation (4.6) gives;
Rearranging the terms on the right hand side of the equation to isolate the coefficient of p −2n we get:
from which we extract the coefficient
Notice that c(2) is well defined due to part (1) .
Recursively applying this formula for f n on the right hand side of equation (4.7) we obtain:
Once again we rearrange the terms to extract the coefficient c(4) of p −4n .
This gives:
By repeatedly applying this process we can obtain an expansion of f n in powers of p −2n , provided the remainder r n (2N) goes to zero as N → ∞. We prove a stronger ℓ 1 estimate on r n (2N) below, implying the pointwise convergence needed for the existence of the expansion of f n .
Using induction we readily establish that the coefficients c(2k) of this expansion are in general given by the formula:
Next we estimate the growth of the coefficients c(2k). Simplifying the formula for c(2k) we obtain:
2 and the infinite product is a finite nonzero number, we obtain the following estimate for the coefficients c(2k):
, which shows that they decay exponentially. This establishes both the second and the third part of the theorem.
Finally we estimate the remainder term r n (2N). Using induction it is easily established that the remainder r n (2N) satisfies the following summation formula:
. . .
Estimating the ℓ 1 norm we see that:
..+l N | can be estimated as follows:
where the last line can be justified by changing the summation index in the previous line appropriately. Moreover, we can explicitly calculate each sum that appears in formula (4.9). For example:
and so on. Substituting all these values into the formula (4.9) we get the following estimate:
Simplifying this expression we obtain:
Finally we will prove uniqueness of the expansion of f n (λ). Consider the analytic function
From the above estimate of the coefficients c(2k) we see that the radius of convergence R of the power series for f is given by:
Therefore, R = ∞ and the function f (z) is entire. Therefore, in particular:
and so the coefficients c(2k) are uniquely determined by f n (λ), because an analytic function is completely determined by its values on a convergent sequence of points, [2] .
Remark: The collection of ℓ 2 functions with a power series representation of the form (4.2) is fairly restrictive which is clear from the fact that lim n→∞ p 2n f (n) = c(2). It can be easily shown that the set of ℓ 2 functions with this power series representation is dense in the space of all ℓ 2 functions.
The difficult part already completed, we can now state our main theorem. Proof. Substituting f n = ∞ k=1 c(2k)p −2nk and formula (4.8) into the initial condition of system (4.1) and dividing throughout by c(2) we obtain the following:
(4.10)
The infinite sum on the left hand side of the above equation, call it S 1 , can be simplified by first breaking it up into two terms, extracting some terms and then recombining as follows:
Using the substitution q = 1 p 2 equation (4.10) can be written as
Notice that at k = 2 the expression
. Thus the above equation is in fact equal to:
Now we rearrange the terms in the infinite sum in order to compare it with the hypergeometric function 1 φ 1 0 q ; q, λ .
By using the notation
and the above computation, we can rewrite the eigenvalue equation as
The function 1 φ 1 of four variables a 0 , b 1 , q, z is defined as
Thus, if λ is an eigenvalue, we get:
showing that the eigenvalues of the operator D * 0 D 0 are the roots of the above q -hypergeometric function. Conversely, the above calculation shows that given a root λ of λ → 1 φ 1 0 q ; q, λ the formula (4.2) with arbitrary c(2) and other coefficients c(2k) given by (4. Since the number of nonnegative r's less than p m and relatively prime to p is equal to the Euler number of p m , we can compute the sum over m provided that s > 
Thus we get:
